INTRODUCTION
In this paper we are concerned with the existence of positive homoclinic solutions of the second order equation
Ž . Ž . Ž . Ž .
Ž . Ž . Ž . where the coefficient functions ␣ x , ␤ x , and ␥ x are continuous and satisfy
with a, b, B, c, C g R. w x In 5, 7 , the existence of homoclinic orbits is established in situations Ž . Ž . that include Eq. I for the case ␤ x ' 0. Our goal is to study the case Ž . where ␤ x is a bounded nonnegative function.
We present two existence results. In the first one, assuming also that Ž . Ž . Ž . ␣ x , ␤ x , and ␥ x are 2-periodic, we prove the existence of a Ž . nontrivial positive homoclinic solution of Eq. I as long as
Ž . We observe that this condition is trivially satisfied if ␤ x ' 0, which shows the result we present is a generalization of the corresponding result w x in 7 for the scalar case.
Ž . Ž . Ž . In our second result, we suppose that ␣ x , ␤ x , and ␥ x are even differentiable functions. Assuming moreover that
we prove the existence of a unique nontrivial even positive homoclinic Ž . solution of Eq. I . This result extends the existence theorem established in w x Ž . 5 , where ␤ x is identically zero. The above condition is also assumed X Ž . there with x␤ x F 0 trivially satisfied.
These results are obtained by variational techniques. In the first existence theorem, we find the homoclinic solution u as the limit, as n ª qϱ, of periodic extensions of positive solutions u of approximating periodic n w x problems defined in the intervals yn , n , n g N. Such approximating solutions are obtained as critical values of associated functionals, by using the mountain pass theorem. The variational characterization of the respective critical values allows us to derive some estimates and pass to the limit. w x This problem was suggested by the paper of Grossinho and Sanchez 3 , Ž . where the existence of periodic solutions of Eq. I was considered.
In the second existence theorem, we use a similar approximating procedure but for a boundary value problem and apply a lemma of Korman and w x Ž w x. Ouyang 6 see also Gidas, et al. 4 . This type of procedure has been used by different authors to study the existence of homoclinics, namely in the case of Hamiltonian systems. We w x w x Ž refer to Rabinowitz 7 , Abrosetti and Bertotti 1 for an autonomous . w x w x system , Korman and Lazer 5 , and Ariolli and Szulkin 2 . However those Ž . results do not apply to Eq. I . Essentially, not only does the nonlinearity w x we consider not satisfy the hypotheses assumed here, but also 1, 7, 2 do not concern positive solutions.
POSITIVE HOMOCLINIC SOLUTIONS
In this section we consider the existence of positive solutions of the problem
known as homoclinic solutions. Ž . Ž . Ž . Suppose ␣ x , ␤ x , and ␥ x are continuous 2-periodic functions such that there are positive constants a, b, B, c, and 
Ž .
For every n g N, we consider the periodic problem Ž . Ž .
n H ž / yn Ž . We solve P using mountain pass theorem and obtain uniform estin mates for their solutions. We need the following technical result contained w x in 7 .
Let assumptions 3 and 4 hold. Then, for e¨ery Ž . Ž . n g N, the problem P has a positi¨e solution u x . Moreo¨er, there is a n n constant K ) 0, independently of n, such that
n Proof. Consider the modified problem
where u s max u, 0 . It is easy to see that solutions of P are positive
and u x has n n Ž . negative minimum at x g yn , n by the equation, we derive the
To prove the existence of a solution of P we consider the functional
Critical points of f are weak solutions of P and, in a standard way, n n classical solutions. We show that f satisfies the assumptions of the n mountain pass theorem.
In the following C denote positive constants.
Step 1. f satisfies the PS condition. Let u ; H be a sequence n j n and suppose there exist C , j such that for j G j , 
Ž .
H j, q j 3 yn and also
Ž . Step 3. Uniform estimates. Let n G n G 1. By continuation with a 1 Ž . constant, H ; H and ⌫ ; ⌫ . Using variational characterization 11 n n n n 1 1 we can infer c F c F c and then
Ž . 
H H n n n n yn yn Ž . Then, by 12 ,
H n n n n 6 6 yn Ž . We get 7 with K s 6 c ra, which completes the proof. 
Proof. For every n g N, consider the solution u of problem P , given n n Ž . w x by Lemma 2. By 7 , and the embedding of H in C yn , n , there is K n 1
5 5 2 which easily implies u F K, where K , K , and K are positive
constants independent of n. Consider the periodic extension of u to R n and denote it by the same symbol. Then u is a 2 n-periodic solution of n Ž . Ž . Eq. I . By the bounds obtained above and Eq. I we can derive that there Ž . 2 Ž . exists a subsequence of u which converges in C R to a solution u of n loc Ž . P that satisfies
g yn , n be a point where u attains its maximum value. Since n n Ž . Y Ž . Ž . u x ) 0 and u x F 0, it follows by Eq. I that
n n n n n n n n n n n Ž . Ž . Then, by assumptions 3 and 4 ,
Ž . Ž . of I is nontrivial and nonnegative.
Ž . Ž .
By 13 and Proposition 1 it follows that
Ž . Next we prove that u "ϱ s 0. By assumption 3 there exists M ) 0
. . the case u yϱ / 0 is analogous . Then, there exists ) 0 and a < X Ž .< sequence y ª qϱ such that u y G for all n. By the Lagrange 
Ž . Of course, in the case of constant coefficients, problem I can also be studied using the phase plane. For example, in the case ␣ s ␤ s ␥ s 1,
there is a positive stationary solution u s which is inside periodic 0 2 Ž X . orbits u, u tending to a positive homoclinic solution.
Further, using the above method, we can prove the existence of a Ž . symmetric positive homoclinic solution of I under adequate assumptions on the coefficient functions. Our result is based on a lemma proved by w x Korman and Ouyang 6 , and is an extension of a result due to Korman w x Ž . Ž . and Lazer 5 , where Eq. I is considered with ␤ x ' 0.
Let us consider the problem As previously, we consider approximate problems
where ⌫ is the usual class of paths in H , and using the variational both cases the proof continues as in the proof of Theorem 2.1 of Laser and w x Korman 5 .
Ž . X Ž . To prove u "ϱ s u "ϱ s 0, we proceed as in the proof of Theorem Ž . 3, from 15 to the end.
